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1 ON THE TOP 2

1 On the top

2024.12.1. Now I begin to write my deduction of the diffusion algebras. Referring mainly to
[1][3]]4][5][2] and blog [https://spaces.ac.cn/archives/9228|

2 God and Swordman

God said: #EANM! diffusion model! , and said:

1
dx = <f(x,t) - i(gf - UE)V;C logpt(x)> dt + o:dw (1)
The swordman said:
1 d\;
d (m)’ (2)
N2 =2 (H
dw = Vdte

And he said: What god said is an SDE, witch depict the evolution of a random process. The item
pi(x) is the Marginal distribution of z at time ¢. If we let the diffusion coefficient dw be a Gaussian

distribution, then the every z;(x at time t) will sampled from a Gaussian distribution, as below

1
p(xt+dt|xt) ~ N <3Ct+dt; Ty + (f(%t) - 5(9? - Uf)vz logpt(xt))dt,afdt> (3)

3 SDE i)ikfe
XTAEE—4 SDE,
dx = f(x,t))dt + ordw (4)

Hg AR AL ¢ 8 T DAFR DU 22 27521

P(Teyarlme)p(a:)
P(Teyar) %)

Feoldh, 24 dw BEHCHEIMERS, AR TP o #E R, A

P(Tipar|re) = N ($t+dt§ zy + f(z,t)dt, Utzdt)

p($t|$t+dt) =

($t+dt — Xy — f(177 t)dt)2 (6)
xeap( 202dt )
Titaqr — e — f(x,t)dt)?
(x| Teyar) o< exp {—( bt 2t0_2d{( )dt) +logp(x:) — IOgP(l’Hdt)} (7)
t



3 SDE w43 it42 3

TR, BATLRBAMR p 0, BTRAIDITERR— D ¢ AEGIERR . FrPAARIE ¢ PR Y
p(z) WA, ARZEX IR, WG p(t,z.). FrPAR (5) AR RN IZE 1

p(t + dt, xypq|t, x)p(t, z¢)

Pt |t + dt, 3y ar) = ) (8)
FIFER, Z5GTRER, A
log p(@t1ar) — logp(x¢) = log p(t + dt, x444¢) — log p(t, 1)
_ 8(log(§£t,xt)) i a(log(gf,xt)) o
- W x dt + V, log(p(t, z,))dz 9)
- W x dt + YV, log(p(t, 20)) (Tesar — 1)
~ QOBPED) 11, logp()) (s — 20
WA (), B
o) oxcap { (et =0 K0 OB s g oot o — )}
— eap {—%édt (@Hdt i f(a t)dt)? + W%ﬁdﬁ + Y, log(p(e)) (e — xt)2ot2dt> }
= exp {20_1% (@r4ae — ¢ — f(@,t)dt — 07V, log(p(a:)dt)® + 0)}
(10)
FAEER (2w — ) ATTEC, H
C = so? f(z,t)V, log(p(x,)dt> — ot (V, log(p(x,))?dt® — safwcﬁ? (11)
R
lim C'=0 (12)
FIr A
p(2|erar) x exp {_20_1% (@e4ae — ¢ — f(z,t)dt + 07V, log(p(xt)dt)Q)} 13)

~ N (xt; Tovar + (—f(Xppar, t + dt) + af+dtvm log(p(41ar))dt, at2+dtdt)
fir At #E ) SDE

dr = (f(z,t) — 02V, log(p(x,1q;))dt + opdw (14)



4 EXPLANATION OF WHAT GOD SAID: i % 57 b —ECht 4

god #41) SDE (1) 24+ SDE (4)

F(.t) > f(2,0) = 5 (g — oF) V. logpi(a) (15)
Tl
dr = <f(a:,t) — %(gf +02)V, logpt(a:)> dt + ordw (16)

4 Explanation of what god said: 1445 finy—3ctE

4.1 Dirac 4 Function
Dirac 6 FREE N

4+oo ifx===x
Oz — o) = ’
0 if ! = xg (17)

and /5(1} —xg)dzr =1
WERAF 0(z — xo) #E « = € WHTIATRERIT, W

5w~ 20) = 8(E — 20) + Vabl(z — o)l acel + 5 V20w — mo)umel + ... (18)
AR AT — D070 p(r), TARME o sREW T
) = [ 8a ~ iy = B,(6(e ~ ) (19)
XA TR, MERAE— DA — MR .
AL, iBF
pa) (@)= [ 3o = u)ola) )y = E, (5l = )1 0) (20)

xf EAMIEE, A
Valp(2) f(2)] = Ey(f(y) Vi (x = y)) (21)

4.2 Fokker-Plank equation
W (19),

Pz gy (1’) = EIH-dt [(S(I‘ - $t+dt)]
= E,, w[0(z — 2 — f(x,t)dt — ordw)]
= E,, w[0(z —x¢) + (—f(z,t)dt — 00 dw)V . 0(x — ) + %(f(:c, t)dt + o,dw)*V25(x — x;) + ...
(22)



4 EXPLANATION OF WHAT GOD SAID: i % 57 b —ECht )

W dw = dte, K
pm+ﬂcw::E;hww@n—a%)+(—f@;wdt—oyh@Vgé@y—xg-+%(f@;wdt+ayh@2v§&x-—xg4—O@ﬁﬂ
= By, [6(x — 2) — (f(, ) dt + 0V dE)V 10 (x — 1) + %det%QVi&(:r ) + O(dD)]
~ B [0 — ) — (F(, 000 Vab(x — ) + So?dPV36(e — )

= pu(e) = Valf (e o)t + o7 V(e

(23)
NI]
op(z) = V(@ Opu(e) + 507V mi(a) (24)
AR A P 5, EHIAT SDE (4) M4 A B ¢
43 HHAER
IR PP J7E2 (24) fit— 4t
O () = V@ Opu(e) + 507 V2mi(2)
= VL (f @ Op(a)) + 507V in) — SNVim(a) + S XV (e)
(25)

= . (S 0m(o) = (07 = X Vane)) + 2920

= . (@) - (0 - N o (o)]) + 3920

Rl X (24) F1xk (25) Z @AM, W2 ul, TTRRATHEIAL A BUTE, &
RN G A A2 Se MR . X (24) FIHEXT MR SDE(4) Z RIS ET PAFIE, = (25)
XL SDE A

1
dx = <f(x,t) - 5(0? — AV, logpt(x)) dt + Mdw (26)
BT R
o —
t =7 Gt 27)
>\t — Oy

N sEa i R

dr = <f(x,t) — %(gf —02)V, logpt(x)> dt + oydw (28)



5 BIRTH OF DIFFUSION 6

XIES god ZAFRATHF!

T o BUA{E, HXIW A F-P O RRECZ MY, Bl B2 . Bomimit, X416
T —lRiA %A R F) SDE.

e, 48 o, = g0 B, EAXH

dx = f(z,t)dt + gidw (29)
4.4 FERSEGE
(28) My E
Tipqr — Ty = dr = (f(a;,t) - %(gt2 + 02V, logpt(ac)) dt + ordw (30)

RPN HERER, RAWM 2 B e T2 EBERRAUON IR RE, B

Titdt —7 Tt
(31)
Tt — Titdt

pt($t+dt) - pt(xt)
Lidt — Lt

AR A AR o — N S A A B AT I HHGA G A AL s R AR ) 7

5 Birth of Diffusion

5.1 Margin Distribution
X (1) A= (2), FATH

No+pl=1
: (33)
A\ = Hai = a; (seperate condition)
i=1
HTa (1) ik TR SDE i, WEHAZS G 0 = g, BIFFRIT LA -
Yo =g

dx = f(z,t)dt + gidw (34)



5 BIRTH OF DIFFUSION

FAMIKF swordman FriefitryZEL (2) WA,

/ p
d d)\thf + t dt )\*
édx——d)\tx—)\ﬂ/ %

dx e
— d)\ d| —
= )\t )\ t&L = <)\t> €

HIE A+ pi =1 BRIRTE UL

X B oL
<:ﬂt+At 1&) _ ( 1 )2_ <1>26
Aiyar M AttAt At
YAt — 1, B
t
)\? = HO[,L = O
i=1
o

(i) =)

Tty Tt 1 1

= — — — = — — —€

VOl Vg Qi1 Qi
I s BNl R ) N S
t+1 Tt t+1 a, t+1 G a

Qi (o]
= xt+1 — — Ty = 1 — _+ €
Qi Qg

&5 (33) =3 Oét+1/06t = O41, iy

= Typ1 = 1T + /1 — €

(35)

(36)

(37)

(38)

(39)

(40)



5 BIRTH OF DIFFUSION 8

Moen~ N(0,1), MHIIRTHER xo BALTIRARE—AS x, #W 2 ESS 10
Ti41 ™ N($t+1; V41T, 1-— Oét+1)
Tiqyq N(l’t+1; VQiy1To, 1 — @t+1)

i bk, HAMIFEAZ AW SDE 1% (1), HAGNMET o = g0 BRFIRIGOLT (34) M%)
i, HAE N +pf =1, il (33) sk, Hh G 2 800 (41).
WAL (41),

(41)

p(ze) o exp (_W> )
i
V. logp(x,) = — (36’;(—1 \_/?tﬁ;o) _ _\/?;(ft,t) (43)

Horp (e, t) IAER O FIEE ¢ PRI

5.2 ik SDE
¥ SDE(1) &k,

1
Tyrnt — Ty = (f(x,t) — i(gf — af)Vx logpt(x)> At + oV Ate (44)

e (33) IAHE R AF (2) BHUL

1 d\;
f(x,t):/\—tﬁa:
14/
T Ve dt ¢
1 JEm-vaE
NN At
Vapar/o — 1

=t 1= fir

At

(45)

= o_zti (51) =2a;/1 — ati (M) (46)

) 1 1\ 1 ) (VT Gmar VI— at> 1
= _— | — = 20 V 1—a — - = e
At (O_ét+At at> At ¢ ¢ ( VOt At v Ot At

FF SDE Wyt #e (14) B5igfe, hT7E SDE @i feffisd, FATH T RZ At — 0 #yifd, HE
TERSEAL I, XL P BRI W ZE . PrABRAIIARE R (14) AP BlUL, ik 21




5 BIRTH OF DIFFUSION 9

A (5) ik, HoprfE S E Rk,

p\T e )plx
(| 0s ) = PEralTOP@)

P(Teyar)
X ex _ (_At(ftl't - %(th - JZ)VI log pi(7)) + TAese — xt) § (xAt4t — xO\/@AHt) 2 _ (z¢ — xO\/CTt) §
p 2Ato? 2(1 — aapst) 2(1—ay)
(47)

i§ mathematica 114, x; 1 IR RECH

(filt+1)2 1
202At 2(1—@) (48)

_ ft%(g? - Utg)vw 1ngt(l‘) %(9152 - U?)vw 10gpt<-75) ftxioae QTO\/GTt TAt+t (49)

o? o2At o? 1—a, Ato?

It A

p($t\$t+dt)

(fi At +1)2 1
202 At 2(1— ay

o2 o2 At 1—a Ato?
(ftAt+1)? + 1
o2 At (1—a)

x exp | —(

2
Ji é (912,_03) V2 log pt () % (912,_03) V2 log pt () ftTe4 At Lo/t TAt+t
o2
) T

(50)

5.3 Birth of DDPM

There be an YHC, for the equation (1), he said, "the V,p;(x) is ugly, i donot want it.", then he let

¢ = gr, and it vanished.
do = f(z,t)dt + g,dw (51)

XA (34) AH], TEBSHUEOLS, HAERR o ZAEIEX RN (40)
Topt = VA + /1 — aipae (52)

Ti41 = @t+1$0 + A/ 1-— 64t+1€($t+1,t) (53)
R, (52) A0 (53) iy e #RZ IS, AP AR K IEZ DDPM i X R !



5 BIRTH OF DIFFUSION 10

X SDE @i e (14), M sgifkny SDE #@idds (50), Il ABSHUL S48 (45),(46), 7

p(l't‘xt-i-dt)

3 t2_0t2 Va logpi (@ 3 t2_0t2 Vo log pi(x tTe4 At ToV TAt+t 2
(ftAt—l—l)Q 1 )(m _fis(g )Velogpi(z)  3(g J)zmogp (z) + f U;A + of_i_ AAt;z>
. —

o2 1—ay
A () e

x exp | —(

2

\ @itae/ar—1 T + o/ At TAt+t
1(( Qppa/ay —1+1)2 n 1 ) drrarlaiag —ap) AT mar T e G o)
=exp | —= Ty —
p 2 & 1 1 (1 — dt) k vV aiyae/ar—141)2 1
AL\ G ar [ @t+At(— 1 _;) + (1—ay)
XppAt At
(54)
BAt=1, ZIEF /o =0 H
p(¢|Tet1)
_ 0/ VETTT AL \ 2
x exp ( 1-— [e7 RN} ) (x 1—a + 1jatf1+ )
Y = t T—apt1
2 (1 -a)l-a) Tamni=an
(xt _ 10@(1—%“)4‘\/@(1—5&)%“)2 (55)
l1—otq1
= exp 2(1_@1,,:;)&1—@,,)
N(z: Toy/ (1 — ongr) + (L — @)wen (1 - ap)(1 — @t))
b 1—ai ' 1—aiq
IX1E2 DDPM i [ i A2 !
WERT At — 0 B, BFRAYYadRE SDE Rk =A1 (14) AHIH
5.4 Birth of DDIM
There be an SHC, and he said, "Oh no, i donnot want any uncertainty, i want anything to be
certain.", then he let o, = 0.
XAELL T, SDE(1) 524
L,
de = f(z,t) — 29 V. logp(x) | dt (56)
SDE i#iid# (16) 5h
1
dx = <f(x,t) — ngvw logpt(x)> dt (57)

AAER], XAMEL T, TR AL EENLITE B, SDE a7 ODE! HIEd RN L) 2%
B, g iR — e 4 i g AR !



5 BIRTH OF DIFFUSION

FIET R EEALITR, Hh (43),(2),(33), PAREEESEL (45)46), L F (56) W 5N

1 1,d ()’

dx = )\—td)\tx - 5/\ta (/\t) V. log pi(z)dt
=dr = Altdm« - )\t,ut% (‘;z) (—6%’ D)t
:>d()%) —d <’;z> e(zs, )

vt Wl Vol WAL

WAt =1, LA (33), TR

Ter1 T _ VI—a \/1—5%)6(% £)
\/dﬁ,l \/@t vV atJrl V CQt ’
i SEivEs
T = Vo1 + (V1 — 1 — Vo V1 — ay)e(zy, t)

T—a
= Lt — ( et —V 1-— O_ét>€(l't,t)
vV Q41 AVASTEN |

Tt
XIEJ2 DDIM )&M) !

5.5 DDPM fil DDIM 5580k

11

(58)

(59)

(60)

DDIM A1 DDPM J285%01), s il LAy 4~ SDE MU iidr By LR, Fed— i 20 il

B R

BIRE— ¢ = t+ A W TRER @, M ER R RAFR, (B o BORFRTIRE, i
Sy WG Tl T A RELSE RS, Rl ABCA BEYLME RS ), (BRER G ITA R {2}, B, 1k

Az, MBI {2} Mo mERMER, 5o k.

BRI, XA R — RIS, BT, MR, (HERR A

(%) KRR

R, 4 o, =00, X454 r) ODE fiikp ek, 5 SDE iy id Bere s —mt

Z) BA IR B 5 AT o
Song fEICEHF A —IKIE, ASERMER TX—x [5]



6 FLOW-BASED MODEL 12

Data Forward SDE Prior Reverse SDE Data

dz = f(z, H)dt + g(t)dw %@- dz = [f(z,1) — ¢*(t)Vs logpe(z)] dt + g(t)d

po(x) pi(x) > pr(z) pi(z) > po(z)
Figure 2: Overview of score-based generative modeling through SDEs. We can map data to a
noise distribution (the prior) with an SDE (Section 3.1), and reverse this SDE for generative modeling
(Section 3.2). We can also reverse the associated probability flow ODE (Section 4.3), which yields a

deterministic process that samples from the same distribution as the SDE. Both the reverse-time SDE
and probability flow ODE can be obtained by estimating the score V, log p;(x) (Section 3.3).

Kl 1: A[F] SDE fiiid iy Aefeid 72

5.6 Loss Function
6 Flow-Based Model

6.1 Understand Flow

AR

MR, AL EERS
L BRARERE AR

(1, 2o, .. ) = pe(x) 1 [0,1] x R = Ry (61)
TR T REAS AR TE] R [RREAS A AR
2. R
v =v(x) : [0,1] x R — R4 (62)

FER T REASA) I SR [ B[] B 28 4y ) B 78 Ak %
3. CNF JEZIE AL (flow map)

be(z) : [0,1] x RY — R4
do(x) =2z

(63)



6 FLOW-BASED MODEL

$f £ = 0 BHAOREAKIIAS, WOHE) ¢ = ¢ BEZHBFTRERA (L |

13

X BN ASCHERE , 2 A9 ODE fiidfy /g — -5y ODE, t=0 B ¢ = zo ik THIMROCE,
t =1t W, fR TAE ¢ R REARR AL . (HX RN B B — AR AR T, TR AT FEA
s NITERAZA0080 ), BELEU, A x ZoRr@2 ARG, AR —
A RAEAFEIRZIRE, BrARNITG 24 é(2) RFRHIA M x BFE t=t IFAYALE . 1X
B x BB TR 20, Hid 0 NAFHHAR, o(z) AT 2, H o BUEEE, i
P REA . R, XHY ¢ (1) SFTZHIN 1o, ZHIXPA 2 1 2 Fonllh
R RASAEH), XH phiy(z), @ WP, EAABCY &SRR #ariikit,
PAHIHY) ODE ffiid T B— R REA S84, X HLH ODE [ Ik 142 23 (B By R i A4

HER FERTREAS XL Py IR] B4
WY v(x) FER THEA S « AR, E3onh
d
%@(flf) = v(@e())
do(x) =2
HR AR i ) AN A2
po(z)dgo(x) = pi(di(w))d(di())
p(x)dz = p(d(x))d(oe(2))

pi(2) = po(67 (22)) det [5‘1);; ;i%)}

It AFRATH] PASE L—A~HE RS

P = [8d)upo(w) = po(677 (x)) det [%Bx(x)]

Jp
s + V. (pv) =0

FAALIN TR A RFHIN p BT RO MER & . p 78 4-25 0] N TEE R .

DDIM f#) ODE HAT AR RN
DDPM fi§ ODE(56)

(64)

(65)

(66)

(67)

(68)



6 FLOW-BASED MODEL

XFRE F-P J5 R (25)

%pt(x) = _vx<f(‘r7t)pt( )) + 1gt Vipt( )

gtpt( )= —=V.(f(z,t)p(x )—%gtth< )
= —V.lpe(x) - (f(z,t) — gtV log pe(x))]

W EARR TS R, HX R

wlw) = f(a,t) ~ 567V logpi(x)

6.2  —AAEHA ORI i
Xt e [0, 1] fBandk 1

po(z) = N(0, 1)

pi(x) = q(x)  (FFE51)
FATEH A AN (D, ve, ), MITTFE po 2 pr 19— LR H AL

TELRSE t =1 WY =0 TR OLT, FHREMIRERAE (00(2), vi(2]21), pie(2]20)), fFS

po(z|z1) = N(0,1)
pi(aley) = N(2y, 00,,1) ~ 6(z — x1)
MTTABAT T T 7= A R i 2 A A s R =X (1)
T2
oi(z|m1) = oy (z1)w + e (1)
0g = 1,0’1 = Omin
to = 0,1 = 14
|
pe(xlz1) = ([)epo) (@) = po((z — p) /o) /o = N (pu(21), 07 (1))
pi(z]r1) = N(x17072nin)
W R IRATTITRR 25, X By a3 0

vi(be()|21) = dy () /dt = oy (x1) + (1)
= 01(21)(¢e(x) — pu(@1)) /oe(w1) + i (1)

op(@1) (@ = pu(21))

= (x|zy) = p

+ i (1)

14

(69)

(70)

(71)

(72)

(73)

(74)

(75)



6 FLOW-BASED MODEL 15

6.3 Flow Matching

BT )3 W] DACE OBER B A, Ir DAFRATT T AR B — 1) 4, (i S e 107 407 S 45000 5 1)
RIS . T ODE AR @ vl i3ty , BT ART DAF SRR A
Mamt, FATE LML

Lpn(0) = By, |Jwe(x) = vy()]]? (76)

HA, we nRAHRMZETI, v 2 gt {Ho

R IAEFANIBA —A> gt 1, FATHTLAIEE—A> gt (. (EHT AR EAR T L

N(0,1) = Qaata(@) o {32 qaata(®) ARHN, BrPATA T ZOREC—LE40y i & ) s feok s B
PR AR ZE— DRRRO RS AT 2, M3 CFM 4%, po(z|z1) = N(0,1),

pi(@l21) = N(zlzy, 0?I), WIMHAZFRWE FM e, HH R ECY

Lopm(0) = Erpy(a oy lu(z) — vi(zla)]]” (77)

n] PATIERA
VoLlrym =Voloru (78)

T EL gt {8 vi(alar) T IEETE i) T+(75)

Flow Matching Jfi3C [2] A H T VE. VP BGOSR, PAS Optimal Transport &t . et
st T IRERIE O ) Diffusion B v,(70) F flow-matching WX (75) 55y, FRMHEE
T, H¥% copy 1k



6 FLOW-BASED MODEL 16

Example I: Diffusion conditional VFs. Diffusion models start with data points and gradually
add noise until it approximates pure noise. These can be formulated as stochastic processes, which
have strict requirements in order to obtain closed form representation at arbitrary times ¢, resulting
in Gaussian conditional probability paths p;(x|z;) with specific choices of mean p;(x1) and std
o¢(x1) (Sohl-Dickstein et al., 2015; Ho et al., 2020; Song et al., 2020b). For example, the reversed
(noise—data) Variance Exploding (VE) path has the form

pi(z) = N(z|z1, 05_ 1), (16)

where o; is an increasing function, oy = 0, and o1 > 1. Next, equation 16 provides the choices of
pe(z1) = =1 and o4(z1) = 01—+ Plugging these into equation 15 of Theorem 3 we get

!
01-¢

(z —z1). (17)

u(alay) = ~2=

The reversed (noise—data) Variance Preserving (VP) diffusion path has the form
t
pe(zlz1) = N(z | on—aa, (1 — a?_t) I), where oy = e_%T(t),T(t) - / B(s)ds, (18)
0

and f is the noise scale function. Equation 18 provides the choices of u:(z1) = a1_:x; and
ot(z1) = 1/1 — o?_,. Plugging these into equation 15 of Theorem 3 we get

T/(l _ t) e~ T(1=t), _ e—%T(l—t)ac1
2 l 1—e T(1-1) ' (19)

¢
——— (y_4x—x1) = —
1-af_,

ug(z|x1) =

K 2

Example II: Optimal Transport conditional VFs. An arguably more natural choice for condi-
tional probability paths is to define the mean and the std to simply change linearly in time, i.e.,

pi(z) =txq, and oy(z) = 1 — (1 — omn)t- (20)
According to Theorem 3 this path is generated by the VF
21— (1 — opin)®

wlele) = T—g =5
min

2y

K 3
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\

\\w///;\\//w\\\ Z

t—OO t—1/3 t—2/3 t—lO
Diffusion path — conditional score function

17

/A =<
N
N\ NN
//// \\‘
. t—1/3 t—2/3 t=1.0
OT path — conditional vector field

Figure 2: Compared to the diffusion path’s conditional score function, the OT path’s conditional
vector field has constant direction in time and is arguably simpler to fit with a parametric model.
Note the blue color denotes larger magnitude while red color denotes smaller magnitude.

K 4

Diffusion

oT

Figure 3: Diffusion and OT

trajectories.
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Variance Preserving (VP) path The SDE for the VP path is

T'(t
dy = —%y +V/T'(t)dw,
where T'(t) = fot B(s)ds, t € [0,1]. The SDE coefficients are therefore

fs(y)=—T/2(s)y, gs =V 1'(s)

and

p(ulyo) = N(yle *"Oyo, (1~ e 7)),
Plugging these choices in equation 40 we get the conditional VF

T'(t) (y—e 2 Wy
wy (y|y0) : 9 ( 1—eTQ) -y (41)
Using Lemma 1 to reverse the time we get the conditional VF for the reverse probability path:
aulylyo) =~ TL=0 (V20 0
t\ 190 2 1 — e-T(—1)

B _T’(l —t) [e—T(l—t)y _ 6—%T(1—t)yO]

N 2 1—eT1-1)

which coincides with equation 19.
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